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BRI D El
o BRIV —YEHOIOY /XY NMFEREEE
o G(1) =15 Ui(r)gi + €
o L o< log BW (B: inverse temperature, W: band width)
o € x exp(—al) (e: truncation error, a > 0)
o B - EARKBICHITEZR/IN—X A Y a:#of points ~ L.
e SparselR.jl (Julia), sparse-ir (Python)
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EERH

o ERYIE 20215F6H BEV ) —VBEHOBHREMICE D ERETFLEZHTEE
o TOREENR - MNE + #1717 Z Ysparse-irlCEH
H. Shinaoka et al., SciPost Phys. Lect. Notes 63 (2022)

e sparse-ir tutorials (KEDHY > 7)LO—RK)
https://spm-lab.github.io/sparse-ir-tutorial/index.html
IREEDEME., 7—UITZEH, 2XKIEE). FLEX. DMFTGE G E
Python, Julia (Jupyter notebook) + Fortran
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EERUAZERE LU L | : Quantics tensor trains

o —RDIFZEMIFEM (ERFM. BEIKEFEER E)DEHE
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e Julia%EZ (ITensors.jIN—X)

Multi-scale space-time ansatz for correlation functions of quantum systems based on
quantics representations
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Imaginary-time Green's functions
Also known as Matsubara Green's functions:

G(r) = —(T-A(7)B(0)),
where

« A(7), B(T) are operators in the Heisenberg picture (A(7) = e™ Ae™™).
e (-+)=Tr(e PH...), where 8 = 1/T (kg = 1).

We use the Hamiltonian formalism throughout this lecture.

©2023 FAE 12/48
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Imaginary-time Green's functions

G(r) = —(T;A(7)B(0))
» A and B are fermionic operators — G(7) = —G(7 + )
e A and B are bosonic operators — G(T) = G(T + ﬂ)

In general, G(7) has a discontinuity at 7 = nf (n € N).

©2023 mHAE
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Imaginary-frequency (Matsubara) Green's functions

Matsubara Green's function:

G iw) = /O " dre ().

From G(7 + B) = FG(71),
e w= (2n + 1)T'7 (fermion)

e w = 2nT'm (boson)
(n € N)

These discrete imaginary frequencies are denoted as Matsubara frequencies.

©2023 REE 14/48
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Spectral/Lehmann representation
G(z) = / CH

o Z— W

where p(w) is a spectral function.

e 2z = 1w — Matsubara Green's function

e z = w + 10" — Retarded Green's function (not used in this lecture)

©2023 mHAE
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How Greeen's function look like in 7?

Example (single pole): p(w) = d(w — wp), wo > 0
1
ia:—-am

G(iw) =

—TW
e 0

G(T):_l—i—e—ﬁwo 0<T<pP)

AtT =0 G(T) x e ™,
For Bwg > 1, coexisting two time scales: 1/wy < 3

©2023 RAE 16/48
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How Greeen's function look like in Matsubara
frequency space

Example (single pole): p(w) = d(w — wp), wo > 0
1
1w — wy

—TW
e 0

G(T):_l—l—e—ﬁwﬂ (0 <7< pP)

At high frequencies |w| > |wy|, G(iw) ~ 1/(iw).

G(iw) =

For Bwgy > 1, coexisting two energy scales: wyg < 1" = 1/6

©2023 FAE 17/48
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Difficulties in numerical simulations

If band width W and temperature 1" differ by orders of magnitudes as W > 1.

e Slow power-law decay at high frequencies — Large truncation errors

e Uniform dense mesh in 7 requires a huge number of points oc W'

Example:

e Band width 10 eV, superconducting temperature 1K =~ 0.1 meV — W = 10°.

We need a compact basis with exponetial convergence.

©2023 mHAE
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Compact representations

o Intermediate represenation (sparse-ir)
o Ab initio calculations (Eliashberg theory, GW, Lichtenstein formula)

o Diagrammatic calculations (FLEX)
e Discrete Lehmann representation (implemented in sparse-ir as well)

e Minmax method (from Kresse's group)

©2023 RAE 19/48
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Mathematical background: singular value
decomposition (SVD)

Any complex-valued matrix A of size M x IN can be decomposed as
A=UXVT,
where
U= (ui,us,---,ur): M x L,
V = (vi,v9,---,vp) : N X L,
where u,:.rfu,j = dj, ’U;-r’Uj = §;;, L = min(M, N). X is a diagonal matrix with non-
negative diagonal elements s; > s9 > --- > s; > 0.

e Unique up to a phase if the singular values s; are non-degenerate.

o If Ais areal matrix, U and V are also real orthogonal matrices.

©2023 RAE 20/48
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Intermediate representation

Shinaoka et al. Phys. Rev. B 96, 035147 (2017)
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Analytic continuation kernel

Fermion & boson:

> 1
G(iv) = / dw — A(w)
% N——
=K (iv,w)

K (iv, w) is system independent and A(w) = —i(Gf(w) — G4(w)).

©2023 FAE 22/48
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Analytic continuation kernel

G(1) = — /OO dwK (1, w)A(w),
1 . . {1;—7; (fermion)

~——= (boson)

Y

where 0 < 7 < .

For bosons, | K (7,w)| — 400 atw — 0. We want to use the same kernel for fermion &

boson. How?

©2023 RAE 23/48
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Logistic kernel

6(r) = - [ doKMrwp(w),

o0

where K'(7, w) is the "logistic kernel" defined as

e—Tw

Ko, w) = 14+ e Bw’

and p(w) is the modified spectral function
A(w) (fermion),
plw) = Aw) (boson).

tanh(fw/2)

This trick has been widely used in the lattice QCD community for a long time. This was
introduced into condensed matter physics in J. Kaye et al. (2022).

©2023 REE 24/48
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Singular value expansion

We introduce an ultraviolet 0 < wpax < 00 and a dimensionless parameter A = w4

Because K € C*® and ¢ L?:

©.@)

K'(r,w) = Ui(1)SVi(w),
[=0

for —wpmax < w < wWpaxand 0 < 7 < 6.
Singular functions: f:ljz; dwVi(w)Vy(w) = dyr and foﬂ drU(T)Uyp (1) = o1

— Indermediate-represetation basis functions

©2023 RAE 25/48
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Singular values: W, = 1

15 0.4
—e— =100 — =0
104 —— B = 1000 0.2 — =1
—— B=10000 | T — =10
T = 0.0 AN
10~
—0.2]
10-12 | | . . . . . : |- - . -
0 25 50 75 100 00 02 04 06 08 1.0 —LO —0.5 0.0 0.5 1.0
[ T/5 w

o Exponential decay

 Number of relevant S; grows as O(log A) (only numerical evidence)
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Basis functions: w,,.x = 1and 5 = 100

0.4

—— =100
—— [ =1000 0.2
—— B =10000 | ©—

5 0.0

0 25 50 75 100 0.0

e Even/odd functions for even/odd [
e [roots

e Converge to Legendre polynomials at A — 0

©2023 FAE 27/48
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Basis functions in Matsubara frequency

g
U,(iv) E/ dre™"U;(T).
0

Fourier transform can be done numerically.

Intermediate
representation (I1E)

©2023 BEE 28/48
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Expansionin IR

L—-1

G(T) — GlUl(T)+EL,
=0

G(iv) = GU;(iv) + €,
[=0

where €1, €1, = S1.. The expansion coefficients (G; can be determined from the spectral
function as

G, = —=Sip1,

where

o= [ dwp@)Vicw).

W max

©2023 RAE 29/48
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Convergence

|G| converges as fast as 5.

Example:
pw) = 3 (6(w—1) +d(w + 1))

o — / ™ dop(@)Vi(w)

wmax

=~ (Vi(1) + Vi(-1).

B =100, wmax = 1.

©2023 mHAE
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Sparse sampling

Li, Wallerberger, Chikano, Yeh, Gull, and Shinaoka, Phys. Rev. B 101, 035144 (2000)
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Sparse time and frequency meshes

Solving Dyson equation for given X (iw):

G(iw) = (G (iw) + Z(iw)) !

G, = i U/ (iw,) G (iwy,)

n——oo

Q. Need to compute G (iw) on ALL Mastubara frequencies to determine L IR coefficients

G;?

A.No, we need to know G (iw) on appropriately chosen (~ L) sampling frequencies.

©2023 RAE 32/48
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Dense meshin 7?

Second-order self-energy (Hubbard U):
Y(1) x UG*(1)G(B — T)

B
Gl:/O drU,(T)G(T)

Q: Need to compute G(7) on a dense mesh of 77?
A: No, we need to know GG(7) on appropriately chosen (/~ L) sampling points?

©2023 BE=E 33/48
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Sampling points

Simple rule: extrema (or somewhere in between two adjacent roots) of Uy,

B =10, wyayx = 10, L = 30:

o 2 4 6 8 10
34/48
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Sampling points

Simple rule: extrema (or somewhere in between two adjacent roots) of Uy,
B =10, wmax = 10, L = 30:

10; a a B S B R a

100 - | ’ i P d P i i

101 prheom, N s =2
I.l.."l:..l | Illlll | . | i | T i i i . |

Re/lIm U (iv)

—1011— I B N N N O O N B B I |
100 101 102

35/48
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Transform from time/frequency to IR

o Well conditioned fitting problem

e Implemented in sparse-ir as stable linear transform

smpl 1

Gl — argmmz ‘G Ul( )Gl
=0

2

= (F™Q),,

where we define (F'); = U;(7%) and F T is its pseudo inverse.

©2023 RAE 36/48
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Condition number

e Small condition number of F

e If condition numberis 10?, you
may loos p digits in
transformation (three out of 16
digits)

©2023 mHAE

Condition number

=
o
P

l_'l
o
=

] —e— time
| —— frequency
Vol UN

10! 102

108

A

100

©10°
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Numerical demonstration

Two-pole model: 8 = 100, wmax = 1: Almost 16 significant digits!

)

F
n

ImG* (iw,

10—15 —a e . .
: nnnaneed —10%-10%10" 0 10° 10 107
0 25 50 75 100 wE

10~ 16 I’r‘ VPR TAATATNY:
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Stable and efficient numerical transform

©2023 mHAE

Sparse sampling points in imaginary time

| e .2, P(R.) . W(R)

"

GhEhPh Wl

Sparse sampling points i imaginary ﬁequency;’l

-
l‘,
Ll
L]
-
L

Arbitrary imaginaiy
time/frequency

G(iog ), 2wy ), P(iwp), W (iog)

4
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QA sessions
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How to implement diagrammatic equations

©2023 FAE 41/48
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Second-order perturbation theory

e Solving Dyson equation in frequency space

e Evaluating the self-energy in frequency space

©2023 A= 42[/48
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Implementation of second-order perturbation theory

Online tutorial

Hubbard model on a square lattice:
H=—t Z C;'racja + UZ Mty — W Z(”'LT + 1)),
(i,9) z 2

wheret = 1l and u = U/2 (half filling). c;-ra (cz-o-) a creation (annihilation) operator for an

electron with spin o at site 1.

Non-interacting band dispersion:
e(k) = —2(cosk, + cos k),
where k = (kz, ky).

©2023 REE 43/48


https://spm-lab.github.io/sparse-ir-tutorial/src/second_order_perturbation_py.html
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Self-consistent equations

1

G(iv, k) = iv — e(k) + p — 2(iv, k)

(1)

(v —=T1,k—7r)

5(r,7) — UG(r, P)G(B - 7,7)

L(r—=iv,r — k)

Go back to (1)

©2023 BAE 4448



B — U BEIcEd 2 R/I—XFETY VI AFI(1)

Self-consistent equations (sparse sampling)

1

G(ivg, k) =
(it7k, k) iy — e(k) + pu — S (i, k)

(1)

v

V(i — IR — 7, k — 1)

2(7_'].3, T‘) — U2G2(7_'k, T‘)G(ﬂ — Tk, r)

v

V(7 = IR = ivg, r — k)

Go back to (1)
The whole calculaiton can be performed on sparse meshes.
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Reconstruction of spectral function

Please read our article in the sparse-ir tutorial!
Q: Can you reconstruct a spectral function from numerical data of G(7)?

A: Very difficult
G(T) = Gexact(T) + 6(7),
where §(7) is noise.
p1 = —(51) " ((G1) exact + 1),
where (G) exact = foﬁ d7U;(7)Gexact(7) and §; = foﬁ drU;(7)é(7).

©2023 A= 47[48


https://spm-lab.github.io/sparse-ir-tutorial/src/analytic_continuation_py.html
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Reconstruction of spectral function

Q: Can you reconstruct a spectral function from numerical data of G(7)?
A: Very numerical unstable!
G(T) = Gexact(T) + 6(7),
where §(7) is noise.
p1 = —(51) " ((G1) exact + 61),
where (G1)exact = [ ATUI(T) G exact (7) and &; = [ drU;(1)8(7).

Noise is amplified by small singular values. — ill-posed inverse problem. Needed a
regularized solver: MaxEnt, SpM, Nevanlinna etc.

"Nevanlinna.jl: A Julia implementation of Nevanlinna analytic continuation”, K. Nogaki, J.

Fei, E. Gull, HS, arXiv:2302.10476v1
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