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Machine learning?
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Can we use black boxes 
to do lattice field theory?

Yes, but must be careful!



Outline
• Lattice field theory
• Machine learning
• Generative models (for LQFT)
• Example: affine coupling flow (RealNVP)
• The road to QCD
• Symmetries and equivariance
• Closing thoughts
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References
Based on 2101.08176

Tutorial Jupyter notebook!
.ipynb link

See also: GomalizingFlow.jl
by Satoshi Terasaki, Akio Tomiya
GitHub link
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https://arxiv.org/abs/2101.08176
https://arxiv.org/src/2101.08176v3/anc/normalizing_flows_for_lqft_tutorial.ipynb
https://arxiv.org/abs/2208.08903
https://github.com/AtelierArith/GomalizingFlow.jl


Lattice field theory
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Lattice field theory (is just integration)
Want to compute:

𝒪 = #𝑑𝜙
𝑒!"($)

𝑍 𝒪(𝜙)
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𝑝 𝜙 =
𝑒!" #

𝑍

”Probability of 𝜙”



Example: 2D 𝜙! theory

𝑆 𝜙 ='
𝐱

1
2
'
%∈',)

𝜙 𝐱 + ,𝜇 − 𝜙 𝐱 * +
1
2
𝑚*𝜙 𝐱 * + 𝜆𝜙 𝐱 +

Dan Hackett - 2023 Mar 15 8

𝜙 𝐱 ∼ monochromatic images

∼ 𝜕%𝜙
*

Potential 𝑉[𝜙]



Lattice field theory with Monte Carlo

𝒪 = #𝑑𝜙 𝑝(𝜙) 𝒪(𝜙) ≈
1
𝑁
.
&'(

)

𝒪(𝜙&)
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𝜙" ∼ 𝑝
Average over

configurations 
sampled from 𝑝

Monte Carlo 
estimate

Examples:
Magnetization:  𝒪 = .𝜙 = !

"!
∑𝒙𝜙(𝒙)

2-point correlator / propagator / Green’s function:
𝒪 = 𝐺 𝐱, 𝐲 = 𝜙 𝒙 𝜙(𝒚)



Problem: MCMC autocorrelations

Markov chain Monte Carlo (MCMC) 
samples are not independent

More autocorrelations
↔ Less precise estimates

Better algorithms
→ More precision with available 
computers
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Machine learning
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Neural networks are just functions

12

NN w/ ReLU activations
= piecewise linear function
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𝑓: ℝ → ℝ



Neural networks are just functions
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𝑓: ℝ# → ℝ

𝑓(𝑥$, 𝑥#)



Generative models for LQFT
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Mapping between distributions
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Using a function to transform samples from a distribution gives 
samples from another distribution

𝑥
from “base” dist 𝑓(𝑥)

from “model” dist



Mapping between distributions
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𝑥 𝑓(𝑥)



Mapping between distributions
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Generative models for image generation?
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𝑧 ∼ Gaussian noise
𝜙 ∼ distribution 
of dog pictures

NN transforms noise
𝜙 = 𝑓(𝑧)



Generative models for LQFT sampling?
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𝑧 ∼ Gaussian noise

𝜙 ∼model for distribution 
of lattice fields

𝑞 ≈
1
𝑍
𝑒!"($)

NN transforms noise
𝜙 = 𝑓(𝑧)



Physics according to DALL-E 2
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What does a proton look like?

The interior of a proton

Cool!

…but we don’t learn any physics

Better models don’t help:
Stable Diffusion, Midjourney, 
etc still won’t teach us physics



Requirements for exactness:
Must be able to compute model density 𝑞

𝒪 = #𝑑𝜙 𝑞 𝜙
𝑝 𝜙
𝑞(𝜙) 𝒪(𝜙) ≈

1
𝑁.

&'(

)

𝑤 𝜙& 𝒪 𝜙&

Dan Hackett - 2023 Mar 15 21

𝜙" ∼ 𝑞
Reweighted average 
over configurations 

sampled from the “model” 𝑞

Reweighting factors

𝑤 𝜙 ≡
𝑝 𝜙
𝑞 𝜙



Normalizing flow models

22

”Flow” transformation
• Invertible
• Tractable Jacobian determinant
• Parametrized by NNs 
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Simple base distribution 𝑟
• Tractable 𝑟(𝑧)
• 𝑟 𝑧 > 0
• Easy to sample

𝑟(𝑧) 𝑞(𝜙)

Learned model distribution 𝑞

𝑞 𝜙 = det
𝜕𝜙
𝜕𝑧

!&
𝑟(𝑧)



Need for invertibility
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Non-invertible map:
To compute 𝑞(𝑥), must know all 𝑧
such that 𝑓 𝑧 = 𝑥

Intractable search problem!

𝑟 𝑞

𝑥 = 𝑓(𝑧')

𝑥 = 𝑓(𝑧))

𝑧'

𝑧)

𝑥



Strategy: “coupling layers”

Composition: build flow by stacking many simple sub-transformations

Variable partitioning:
• Freeze some variables
• Update others (active vars)

…independently
…conditioned on frozen vars
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𝑞(𝜙)

=𝜙 = +

Active
𝜙'

Frozen
𝜙(



Example: affine coupling flow
(RealNVP)
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Affine coupling transformation (2 variables)
Draw 𝜙! and 𝜙" from 2d Gaussian

𝑟 𝜙!, 𝜙" = "
#$
𝑒%

!
" &#

"'&!"

Freeze 𝜙", update 𝜙!
𝜙"( = 𝜙"
𝜙!( = 𝑒)(&!)𝜙! + 𝑡(𝜙")

→ triangular Jacobian

𝐽 =
𝜕(𝜙!( , 𝜙"( )
𝜕(𝜙!, 𝜙")

= 𝑒)(&!) ⁄𝜕𝜙!( 𝜕𝜙"
0 1

⇒ det 𝐽 = 𝑒)(&!)

⇒ Model density: 𝑞 𝜙!( , 𝜙"( = 𝑒%) &! 𝑟(𝜙!, 𝜙")
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Affine coupling transformation is invertible
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𝜙)* = 𝑒+($!)𝜙) + 𝑡(𝜙&)
𝜙&* = 𝜙&

𝜙) = 𝑒!+ $! 𝜙)* − 𝑡 𝜙&
𝜙& = 𝜙&*

𝑟 𝑞

Invertible by construction:



Affine coupling (scalar field theory)
For scalar field 𝜙𝐱 on sites 𝐱

Partition by site into 𝐱', 𝐱(
Transform as 𝜙𝐱"

* = 𝜙𝐱"
𝜙𝐱#
* = 𝑒+ $" 𝐱# 𝜙𝐱# + 𝑡 𝜙( 𝐱#

Triangular Jacobian:
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=𝜙 = +

Active
𝜙𝐗%

Frozen
𝜙𝐗&
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𝐽 =
𝜕(𝜙𝐱#

* , 𝜙𝐱"
* )

𝜕(𝜙𝐲# , 𝜙𝐲")
=

…
𝑒+ $" 𝐱#

…
(nonzero)

0
1

…
1

⇒ det 𝐽 =D
𝐱!

𝑒7 #" 𝐱!



Machine-learned flows

Model: stack layers, alternating which variables are updated
Independent 𝑠, 𝑡 in each layer

Model quality: need 𝑞 ≈ 𝑝, or reweighting is very noisy
→ Use NNs for 𝑠, 𝑡 (expressive!)
→ Train NNs
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𝑞(𝜙)



(Reverse KL) self-training
1. Draw a batch 𝜙8 ∼ 𝑞
2. Compute 𝑝(𝜙8), 𝑞(𝜙8)
3. Minimize “reverse” KL divergence

𝐷12(𝑞| 𝑝 = E𝑑𝜙 𝑞 𝜙 log
𝑞 𝜙
𝑝 𝜙

≈
1
𝑁
J
3

log
𝑞 𝜙3
𝑝(𝜙3)

Kullback-Leibler (KL) divergence
𝐷$"(𝑞| 𝑝 ≥ 0
𝐷$"(𝑞| 𝑝 = 0 when 𝑞 = 𝑝
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Training step (epoch)

ES
S

ESS = “effective sample size 
per configuration”

Model quality improves

Reverse KL self-training with Adam 
optimizer (batch size 16384):



The road to QCD
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Progress to date (just my group)
Flows for LQFT (scalar field theories)

[Albergo, Kanwar, Shanahan 1904.12072]
[DH, Hsieh, Albergo, Boyda, JW Chen, KF Chen, Cranmer, Kanwar, 
Shananan 2107.00734]

Gauge-equivariant flows
U(1) [Kanwar, Albergo, Boyda, Cranmer, DH, Racanière, Rezende, 
Shanahan 2003.06413]
SU(N) [Kanwar, Albergo, Boyda, Cranmer, DH, Racanière, Rezende, 
Shanahan 2003.06413]

Flows for fermionic theories
Yukawa model [Albergo, Kanwar, Racanière, Rezende, Urban, Boyda, 
Cranmer, DH, Shanahan 2106.05934]
Schwinger model [Albergo, Boyda, Cranmer, DH, Kanwar, Racanière, 
Rezende, Romero-López, Shanahan, Urban 2202.11712]
Schwinger with pseudofermions [Abbott, Albergo, Boyda, 
Cranmer, DH, Kanwar, Racanière, Rezende, Romero-López, Shanahan, Tian, 
Urban 2207.08945]

QCD!
Early demonstration [Abbott, Albergo, Botev, Boyda, Cranmer, DH, 
Kanwar, Matthews, Racanière, Razavi, Rezende, Romero-López, Shanahan, 
Urban 2208.03832]
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Result: Improved sampling in (1+1)d U(1) gauge theory

https://arxiv.org/pdf/1904.12072.pdf
https://arxiv.org/abs/2107.00734
https://arxiv.org/pdf/2003.06413.pdf
https://arxiv.org/abs/2003.06413
https://arxiv.org/abs/2106.05934
https://arxiv.org/abs/2202.11712
https://arxiv.org/abs/2207.08945
https://arxiv.org/abs/2208.03832


Flows on compact variables
U(1): phases (live on circles)
SU(𝑁): Lie group manifold

Base distribution: Haar uniform
Flows on circles and torii

Non-compact projections, splines, …
[Rezende, Papamakarios, Racanière, Albergo, Kanwar, 
Shanahan, Cranmer 2002.02428]

Flows on SU(N) variables
Flow eigenvalue spectrum
[Kanwar, Albergo, Boyda, Cranmer, DH, Racanière, 
Rezende, Shanahan 2003.06413]
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.P
′

µν(x) = h(Pµν(x)|I(x))
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active update

 
passive update

 
frozen

 
frozen

Pµν(x̃)→P
′

µν(x̃)
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Pµν
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P
′

µν
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p(Pµν)
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x̃
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I1(x)
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I2(x)
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P
′

µν(x̃)=Pµν(x̃)Uµ(x)U
′†
µ (x)

<latexit sha1_base64="uiG51YXhpXbqpv/pPFiL56pdzO8=">AAAC43iclZLPb9MwFMed8GuUHyvjyMWiQnTSVCVdk6YHpAkuHItEt0lNCI7zmllzfsh2plWRr1w4gBBX/ilu/CuccLOCoN2FJ1n66P34vudnJxVnUjnOD8u+cfPW7Ts7dzv37j94uNt9tHcsy1pQ mNGSl+I0IRI4K2CmmOJwWgkgecLhJDl/tYqfXICQrCzeqmUFUU6ygi0YJcq44u7PJmxF5iJLosYZBJ4XeJMDZ3A4CcbDkQHfHXnBWDdT/TxuwrwOi1r3Q8V4CvhyX+MNAae1gy3QLzTu/Eeza3ttCvzp4fuHQy8wMHF8zw/0LDbV/ct93MK7JqwEyyFMSZaB0P1WK+72 fivgbXDX0ENrm8bd72Fa0jqHQlFOpJy7TqWihgjFKAfdCWsJFaHnJIO5wYLkIKOmHVjjZ8aT4kUpzCkUbr1/VzQkl3KZJyYzJ+pMbsZWzuti81otgqhhRVUrKOhVo0XNsSrx6sFxygRQxZcGCBXMzIrpGRGEKvMtVktwN6+8DcfDgTsaeG9GvaOX63XsoCfoKeojF43R EXqNpmiGqPXe+mB9sj7bYH+0v9hfr1Jta13zGP1j9rdfBz/ZYw==</latexit>

U
′

µ(x)=P
′

µν(x)P
†
µν(x)Uµ(x)

<latexit sha1_base64="B08+pW96tbXW1+Rn9kgeI4ZsXWY=">AAACx3icdVHPT9swFHYC21j3g2477mJRTTBpquy2CeWAhDYOcCvSCkhNFjmuGzwcJ7IdRBX5sH9xt132t8wtQYJ2PMnSp+99773P76Wl4Nog9MfzNzafPX+x9bL16vWbt9vtd+/PdVEpysa0EIW6 TIlmgks2NtwIdlkqRvJUsIv0+tsif3HDlOaF/G7mJYtzkkk+45QYRyXtv3W0bDJRWRrXqIuW8QV1w7DfC4YOHKAwCId2vJtEebV3+9m2nipZAfbQwhXpwaA/6GGnCIYYBwuAQtTH+3a0m9SufSQr60aMfkRTkmVMPSSfnrtmtXEKLUzanXshXAe4AR3QxChp/46mBa1y Jg0VROsJRqWJa6IMp4LZVlRpVhJ6TTI2cVCSnOm4Xvqy8JNjpnBWKPekgUv2YUVNcq3neeqUOTFXejW3IP+Xm1RmNoxrLsvKMEnvBs0qAU0BF0eFU64YNWLuAKGKO6+QXhFFqHGnb7kl4NUvr4PzXhcPusHZoHP0tVnHFvgIdsAewGAfHIETMAJjQL1j76enPeOf+oV/ 49/eSX2vqfkAHoX/6x9rqc1Y</latexit>

Pµν(x)→P
′

µν(x)

<latexit sha1_base64="lzU07WQ24cJ/cdE+FcsR1MjmAVc=">AAACjXicjZFbS8MwFMfTep+XTX30JThEBRnJLk5FRPRBHyc4FdYy0izbwtK0JKk6Sr+Nn8g3v43tNsFtPngg8ON/rjnHCwXXBqEvy15YXFpeWV3LrW9sbuUL2ztPOogUZU0aiEC9eEQzwSVrGm4E ewkVI74n2LM3uM38z69MaR7IRzMMmeuTnuRdTolJpXbhI3ZGRVqq57kxKp1XK9UyPkGl2hnGtQzQKargetJox44fOTJKjt6Pk9xMGhrZyRwkjuK9viFKBW8J/Hevw+lm7ULxpyCcBzyBIphYo134dDoBjXwmDRVE6xZGoXFjogyngiU5J9IsJHRAeqyVoiQ+0248Gi6BB6nSgd1ApU8aOFJ/Z8TE13roe2mkT0xfz/oy8S9fKzLdMzfmMowMk3TcqBsJaAKYnQZ2uGLUiGEKhCqezgppnyhCTXrAbAl49svz8FQu4Wqp9lAtXt9M1rEK9sA+OAIY1ME1uAcN0ATUylnIOrcu7Lxdsy/tq3GobU1ydsGU2XffLKm7CA==</latexit>

▶︎ ▶︎

x

<latexit sha1_base64="E+xWb622b2P97o+CO1oWwc/7ors=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNRo9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgkts GG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9 lbAhVZQZm03BhuAtv7xKmhdlr1K+rFdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOjRjQQ=</latexit>

.P
′

µν(x) = h(Pµν(x)|I(x))

<latexit sha1_base64="DBylEEDfzo3DYBu0qWIyU0bKL9E=">AAAC33icjZLPb9MwFMed8GuUXx0cuVhUiE6aqrhJ1vYwaYIL3IpEt0lNVDmu21pznMh2Jqrgyy4cQIgr/xY3/hHOOGmQWAsST7L00fd9n/387CTnTGnP++G4N27eun1n727r3v0HDx+19x+fqqyQ hE5IxjN5nmBFORN0opnm9DyXFKcJp2fJxasqf3ZJpWKZeKfXOY1TvBRswQjWVpq1f5ZRvclULpO49HqjOg43MAgaGCHTM1tOr47DHdj2jQI/6CObDocIhRV4R56PBmb8YlZGaRGJwnTfHxh4DFfd/669XvoB/qu58GgU9ivwh6Ef+uZN5T8ws3bntwnuAmqgA5oYz9rfo3lGipQKTThWaoq8XMcllpoRTk0rKhTNMbnASzq1KHBKVVzWPRn43CpzuMikXULDWv2zosSpUus0sc4U65XazlXi33LTQi+GcclEXmgqyOagRcGhzmD12HDOJCWary1gIpntFZIVlpho+yVadgho+8q7cNrvoaAXvg06Jy+bceyBp+AZ6AIEBuAEvAZjMAHEiZwr55Pz 2cXuR/eL+3VjdZ2m5gm4Fu63X2Rj074=</latexit>

▶︎

▶︎

▶︎

▶︎

▶︎

▶︎

▶︎

▶︎

▶︎

▶︎

▶︎

▶︎

▶︎

▶︎

▶︎

▶︎  
active update

 
passive update

 
frozen

 
frozen

Pµν(x̃)→P
′

µν(x̃)

<latexit sha1_base64="eFTEK2In5BMi3LUacylswlCGLdU=">AAACnnicjZHdShtBFMdnV6t2rRr1MjeDoaggYVezZr2LFkppKUYwGsguYXYySQZnZ5eZs2pY9rF8kd71bTqJKbSJFx4Y+PE/n3NOnAmuwXV/W/bK6oe19Y2Pzuanre2dyu7enU5zRVmHpiJV3Zho JrhkHeAgWDdTjCSxYPfxw5ep//6RKc1TeQuTjEUJGUk+5JSAkfqVlyKcFempURwVbj3w/cC/OHHrZxdB87Rh4Nxr+EGzLNplvwiTPJR5eRQCFwOGn4+d0lko4M7sZAnKUPHRGIhS6ZNTvrdr+/DNpv1K7W9dvAzeHGpobu1+5Vc4SGmeMAlUEK17nptBVBAFnApWOmGuWUboAxmxnkFJEqajYjZjiT8bZYCHqTJPAp6p/2YUJNF6ksQmMiEw1ou+qfiWr5fDMIgKLrMcmKSvjYa5wJDi6a3wgCtGQUwMEKq4mRXTMVGEgrmoY5bgLX55Ge5O616j7t80aq2r+To2UBUdoCPkoSZqoW+ojTqIWlXr0vpu/bCx/dX+aV+/htrWPGcf/Wd29w8zycIQ </latexit>

Pµν

<latexit sha1_base64="Y7kkpTrXLbIQqVI7A8hA2q2PWPY=">AAACHXicbZBNS8MwGMfT+TbnW9Wjl+IQPMhots7N29CLxwnuBdYy0izbwtK0JKkwSr+IF7+KFw+KePAifhvTbQfdfCDw4/9/nuTJ348Ylcq2v43c2vrG5lZ+u7Czu7d/YB4etWUYC0xaOGSh6PpI EkY5aSmqGOlGgqDAZ6TjT24yv/NAhKQhv1fTiHgBGnE6pBgpLfVNJ3Fnl/TEyPcSu3TlVJwyvLBL1TqE1QzsS7sCa2mzn7hB7PI4TQt9s6j1WVmrABdQBItq9s1PdxDiOCBcYYak7EE7Ul6ChKKYkbTgxpJECE/QiPQ0chQQ6SWzxVLrTCsDaxgKfbiyZurviQQFUk4DX3cGSI3lspeJ/3m9WA3rXkJ5FCvC8fyhYcwsFVpZVNaACoIVm2pAWFC9q4XHSCCsdKBZCHD5y6vQLpegU6reOcXG9SKOPDgBp+AcQFADDXALmqAFMHgEz+AVvBlPxovxbnzMW3PGYuYY/Cnj6wdPW55W</latexit>

P
′

µν

<latexit sha1_base64="DIXcVMM3Omrg2/3UExYXRLIQ9R8=">AAACHnicbZDLSgMxFIYzXmu9VV26GSyiCymTXmzdFd24rGAvMDMMmTRtQzOZIckIZZgnceOruHGhiOBK38ZM24W2Hgh8/P85ycnvR4xKZVnfxsrq2vrGZm4rv72zu7dfODjsyDAWmLRxyELR85EkjHLSVlQx0osEQYHPSNcf32R+94EISUN+ryYRcQM05HRAMVJa8gq1xJleYouh7yZW6apaqZbhhVWqNSCsZWBdWhVYT1tnXuIEscPjNM17haI2pmUuA5xDEcyr5RU+nX6I44BwhRmS0oZWpNwECUUxI2neiSWJEB6jIbE1chQQ6SbTzVLzVCt9cxAKfbgyp+rviQQFUk4C X3cGSI3kopeJ/3l2rAYNN6E8ihXhePbQIGamCs0sK7NPBcGKTTQgLKje1cQjJBBWOtEsBLj45WXolEuwWqrdVYvN63kcOXAMTsA5gKAOmuAWtEAbYPAInsEreDOejBfj3fiYta4Y85kj8KeMrx+8zZ6H</latexit>

p(Pµν)

<latexit sha1_base64="3oCAe8IV962EFfVNr95O1Z3g1Yw=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDiJexKRI9BLx4jmAdklzA7mU2GzM6u8wiEJd/hxYMiXv0Yb/6Nk2QPmljQUFR1090Vppwp7brfztr6xubWdmGnuLu3f3BYOjpuqcRIQpsk4YnshFhRzgRtaqY57aSS4jjktB2O7mZ+e0ylYol41JOUBjEeCBYxgrWVgrTS6GV+bHxhphe9UtmtunOgVeLlpAw5Gr3Sl99PiImp0IRjpbqem+ogw1Izwum06BtFU0xGeEC7lgocUxVk86On6NwqfRQl0pbQaK7+nshwrNQkDm1njPVQLXsz8T+va3R0E2RMpEZTQRaLIsORTtAsAdRn khLNJ5ZgIpm9FZEhlphom1PRhuAtv7xKWpdVr1a9eqiV67d5HAU4hTOogAfXUId7aEATCDzBM7zCmzN2Xpx352PRuubkMyfwB87nD3aDkek=</latexit>

p(P ′

µν)

<latexit sha1_base64="BowzmUHmI2UKPaa1E8ysKu3BQbI=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRaxXsquVPRY9OKxgv2A7lqyadqGJtklySpl6f/w4kERr/4Xb/4b03YP2vpg4PHeDDPzwpgzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo4SRWiDRDxS7RBrypmkDcMMp+1YUSxCTlvh6Gbqtx6p0iyS92Yc00DggWR9RrCx0kNcrp92U18kvkwmZ91iya24M6Bl4mWkBBnq3eKX34tIIqg0hGOtO54bmyDFyjDC6aTgJ5rGmIzwgHYslVhQHaSzqyfoxCo91I+ULWnQTP09kWKh9ViEtlNgM9SL3lT8z+skpn8VpEzGiaGSzBf1E45MhKYR oB5TlBg+tgQTxeytiAyxwsTYoAo2BG/x5WXSPK941crFXbVUu87iyMMRHEMZPLiEGtxCHRpAQMEzvMKb8+S8OO/Ox7w152Qzh/AHzucP2QmSGg==</latexit>

x̃

<latexit sha1_base64="OFJrA71Ci/6WdL5JRreK70NNIqQ=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0WPRi8cK9kPaUDababt0Nwm7E7GE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqDg0ey1i3A2ZAigga KFBCO9HAVCChFYxupn7rEbQRcXSP4wR8xQaR6AvO0EoPXRQyhOxp0itX3Ko7A10mXk4qJEe9V/7qhjFPFUTIJTOm47kJ+hnTKLiESambGkgYH7EBdCyNmALjZ7ODJ/TEKiHtx9pWhHSm/p7ImDJmrALbqRgOzaI3Ff/zOin2r/xMREmKEPH5on4qKcZ0+j0NhQaOcmwJ 41rYWykfMs042oxKNgRv8eVl0jyreufVi7vzSu06j6NIjsgxOSUeuSQ1ckvqpEE4UeSZvJI3RzsvzrvzMW8tOPnMIfkD5/MHRfWQug==</latexit>

I1(x)

<latexit sha1_base64="fuXW4UdBbqziWNdm7tEPIs3Ex+s=">AAACGHicbVBLS8NAGNzUV62vqEcvwSJUkJi0jdZb0YveKtgHtKFsttt26ebB7kYsIT/Di3/FiwdFvPbmv3GTRtDqwMIwM9/ut+MElHBhGJ9Kbml5ZXUtv17Y2Nza3lF391rcDxnCTeRTn3UcyDEl Hm4KIijuBAxD16G47UyuEr99jxknvncnpgG2XTjyyJAgKKTUV0+jXnpJl40cOzJ0I8WJoVtnF1Y5IZWaVbEq8U3fLD0cx321+B3S/hIzI0WQodFXZ72Bj0IXewJRyHnXNAJhR5AJgiiOC72Q4wCiCRzhrqQedDG3o3SnWDuSykAb+kweT2ip+nMigi7nU9eRSReKMV/0 EvE/rxuKYc2OiBeEAnto/tAwpJrwtaQlbUAYRoJOJYGIEbmrhsaQQSRklwVZgrn45b+kVdbNqm7dVov1y6yOPDgAh6AETHAO6uAaNEATIPAInsEreFOelBflXfmYR3NKNrMPfkGZfQFgbpuR</latexit>

I2(x)

<latexit sha1_base64="LziJcPGNo/1vM3u28HnfrtaVVCM=">AAACGHicbVBLS8NAGNzUV62vqEcvwSJUkJq0jdZb0YveKtgHpCFsttt26ebB7kYsoT/Di3/FiwdFvPbmv3GTRtDqwMIwM9/ut+OGlHCh659Kbml5ZXUtv17Y2Nza3lF399o8iBjCLRTQgHVdyDEl Pm4JIijuhgxDz6W4446vEr9zjxkngX8nJiG2PTj0yYAgKKTkqKdxL73EYkPXjvWynuJEL5tnF2YlIdW6WTWr0xunUno4njpq8Tuk/SVGRoogQ9NRZ71+gCIP+wJRyLll6KGwY8gEQRRPC72I4xCiMRxiS1IfepjbcbrTVDuSSl8bBEweX2ip+nMihh7nE8+VSQ+KEV/0 EvE/z4rEoG7HxA8jgX00f2gQUU0EWtKS1icMI0EnkkDEiNxVQyPIIBKyy4IswVj88l/SrpSNWtm8rRUbl1kdeXAADkEJGOAcNMA1aIIWQOARPINX8KY8KS/Ku/Ixj+aUbGYf/IIy+wJh9puS</latexit>

P
′

µν(x̃)=Pµν(x̃)Uµ(x)U
′†
µ (x)

<latexit sha1_base64="uiG51YXhpXbqpv/pPFiL56pdzO8=">AAAC43iclZLPb9MwFMed8GuUHyvjyMWiQnTSVCVdk6YHpAkuHItEt0lNCI7zmllzfsh2plWRr1w4gBBX/ilu/CuccLOCoN2FJ1n66P34vudnJxVnUjnOD8u+cfPW7Ts7dzv37j94uNt9tHcsy1pQ mNGSl+I0IRI4K2CmmOJwWgkgecLhJDl/tYqfXICQrCzeqmUFUU6ygi0YJcq44u7PJmxF5iJLosYZBJ4XeJMDZ3A4CcbDkQHfHXnBWDdT/TxuwrwOi1r3Q8V4CvhyX+MNAae1gy3QLzTu/Eeza3ttCvzp4fuHQy8wMHF8zw/0LDbV/ct93MK7JqwEyyFMSZaB0P1WK+72 fivgbXDX0ENrm8bd72Fa0jqHQlFOpJy7TqWihgjFKAfdCWsJFaHnJIO5wYLkIKOmHVjjZ8aT4kUpzCkUbr1/VzQkl3KZJyYzJ+pMbsZWzuti81otgqhhRVUrKOhVo0XNsSrx6sFxygRQxZcGCBXMzIrpGRGEKvMtVktwN6+8DcfDgTsaeG9GvaOX63XsoCfoKeojF43R EXqNpmiGqPXe+mB9sj7bYH+0v9hfr1Jta13zGP1j9rdfBz/ZYw==</latexit>

U
′

µ(x)=P
′

µν(x)P
†
µν(x)Uµ(x)

<latexit sha1_base64="B08+pW96tbXW1+Rn9kgeI4ZsXWY=">AAACx3icdVHPT9swFHYC21j3g2477mJRTTBpquy2CeWAhDYOcCvSCkhNFjmuGzwcJ7IdRBX5sH9xt132t8wtQYJ2PMnSp+99773P76Wl4Nog9MfzNzafPX+x9bL16vWbt9vtd+/PdVEpysa0EIW6 TIlmgks2NtwIdlkqRvJUsIv0+tsif3HDlOaF/G7mJYtzkkk+45QYRyXtv3W0bDJRWRrXqIuW8QV1w7DfC4YOHKAwCId2vJtEebV3+9m2nipZAfbQwhXpwaA/6GGnCIYYBwuAQtTH+3a0m9SufSQr60aMfkRTkmVMPSSfnrtmtXEKLUzanXshXAe4AR3QxChp/46mBa1y Jg0VROsJRqWJa6IMp4LZVlRpVhJ6TTI2cVCSnOm4Xvqy8JNjpnBWKPekgUv2YUVNcq3neeqUOTFXejW3IP+Xm1RmNoxrLsvKMEnvBs0qAU0BF0eFU64YNWLuAKGKO6+QXhFFqHGnb7kl4NUvr4PzXhcPusHZoHP0tVnHFvgIdsAewGAfHIETMAJjQL1j76enPeOf+oV/ 49/eSX2vqfkAHoX/6x9rqc1Y</latexit>

Pµν(x)→P
′

µν(x)

<latexit sha1_base64="lzU07WQ24cJ/cdE+FcsR1MjmAVc=">AAACjXicjZFbS8MwFMfTep+XTX30JThEBRnJLk5FRPRBHyc4FdYy0izbwtK0JKk6Sr+Nn8g3v43tNsFtPngg8ON/rjnHCwXXBqEvy15YXFpeWV3LrW9sbuUL2ztPOogUZU0aiEC9eEQzwSVrGm4E ewkVI74n2LM3uM38z69MaR7IRzMMmeuTnuRdTolJpXbhI3ZGRVqq57kxKp1XK9UyPkGl2hnGtQzQKargetJox44fOTJKjt6Pk9xMGhrZyRwkjuK9viFKBW8J/Hevw+lm7ULxpyCcBzyBIphYo134dDoBjXwmDRVE6xZGoXFjogyngiU5J9IsJHRAeqyVoiQ+0248Gi6BB6nSgd1ApU8aOFJ/Z8TE13roe2mkT0xfz/oy8S9fKzLdMzfmMowMk3TcqBsJaAKYnQZ2uGLUiGEKhCqezgppnyhCTXrAbAl49svz8FQu4Wqp9lAtXt9M1rEK9sA+OAIY1ME1uAcN0ATUylnIOrcu7Lxdsy/tq3GobU1ydsGU2XffLKm7CA==</latexit>

?

https://arxiv.org/abs/2002.02428
https://arxiv.org/abs/2003.06413


Model depth (# layers)

Need physics-informed ML
• Training or increasing model size provides 

diminishing returns
• Need more qualitative algorithm 

improvements

Ex: different base distributions for 𝜙+ models
Independent Gaussians on e/a site
Free field theory

Incorporating physics → better model!

Dan Hackett - 2023 Mar 15 34

Training step (epoch)

ES
S



Symmetries and equivariance

Dan Hackett - 2023 Mar 15 35



Symmetry
Invariance under 𝑈 → 𝑔(𝑈) ⇔ 𝑝 𝑔(𝑈) = 𝑝 𝜙
Invariant model:

1. Invariant base 𝑟 𝑔(𝑈) = 𝑟 𝑈
2. Equivariant flow 𝑓 𝑔(𝑈) = 𝑔(𝑓 𝑈 )

i.e. flow commutes with symmetry

Dan Hackett - 2023 Mar 15 36

Gauge invariant Pure 
gaug

e

De
ns

ity

Gauge invariant Pure 
gaug

e
De

ns
ity

Invariant (physics) Symmetry   

Invariant model has exact 
symmetry built in

Non-invariant model must learn 
approximate symmetry

Gauge invariant Pure 
gaug

e

De
ns

ity

Gauge invariant Pure 
gaug

e

De
ns

ity

Invariant (physics) Symmetry   



Discrete example: global 𝑍! in 𝜙" theory

𝑆 𝜙 ='
𝐱

1
2
'
%∈',)

𝜙 𝐱 + ,𝜇 − 𝜙 𝐱 * +
1
2
𝑚*𝜙 𝐱 * + 𝜆𝜙 𝐱 +

Symmetric under 𝜙 → −𝜙
𝑆 𝜙 = 𝑆 −𝜙 ⇔ 𝑝 𝜙 = 𝑝 −𝜙

How to model?

Dan Hackett - 2023 Mar 15 37

Magnetization in 𝒁𝟐-broken phase



Example: global 𝑍! in 𝜙" theory
Ex1: Restrict NN architectures
𝜙@A = 𝑒7(#") 𝜙@ + 𝑡(𝜙B)
but: 𝑠 −𝜙B = 𝑠(𝜙B)

𝑡 −𝜙B = −𝑡 𝜙B
No bias in linear terms
Odd/even activations
[Nicoli et al. 2007.07115] [Del Debbio et al. 2105.12481]

Ex2: 𝑍*-symmetrized self-mixture
Apply random sign after flow: 𝜙 = ±𝑓(𝑧)
⇒ 𝑞789 𝜙 = &

: (𝑞 𝜙 + 𝑞 −𝜙 )
[DH, Hsieh, Albergo, Boyda, JW Chen, KF Chen, 
Cranmer, Kanwar, Shananan 2107.00734]
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Check: 
𝑒+(!$") −𝜙' + 𝑡 −𝜙(
= −𝑒+($")𝜙' − 𝑡 𝜙(
= −𝜙'*

https://arxiv.org/abs/2007.07115
https://arxiv.org/abs/2105.12481
https://arxiv.org/abs/2107.00734
https://arxiv.org/abs/2107.00734


Example: translation symmetry

Translations commute with convolutions

Invariant model:
1. Invariant base: same for each site
2. Equivariant flow: parametrize w/ CNNS

39

Output

Input (w/ periodic BCs)

[Images from freecodecamp.org]
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https://www.freecodecamp.org/news/an-intuitive-guide-to-convolutional-neural-networks-260c2de0a050/


Lattice gauge symmetry
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𝑈;(𝑥)

𝑥 𝑥 + 𝜇

𝑈% 𝑥 → ΩC(𝑥 + 𝜇) 𝑈% 𝑥 Ω(𝑥)
…with 𝑈; 𝑥 , Ω 𝑥 ∈ 𝑆𝑈(3) 𝑥

𝜇

𝜈

𝑃%G 𝑥 = 𝑈% 𝑥⃗ 𝑈G 𝑥⃗ + ,𝜇 𝑈%
C 𝑥⃗ + 𝜈̂ 𝑈G

C(𝑥⃗)
𝑃%G 𝑥 → ΩC 𝑥 𝑃%G 𝑥 Ω(𝑥)
Tr 𝑃%G 𝑥 → Tr 𝑃%G(𝑥)



Gauge equivariant flows
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𝑈;(𝑥)
𝑥 𝑥 + 𝜇

𝑈; 𝑥 → Ω<(𝑥 + 𝜇) 𝑈; 𝑥 Ω(𝑥)

In general:
𝑈% 𝑥 → 𝑈%A 𝑥 = 𝑓 𝑈 %(𝑥)

Want:
𝑈%A 𝑥 → ΩC(𝑥 + 𝜇) 𝑈%A 𝑥 Ω(𝑥)

⇒ Must construct 𝑓 such that:
𝑓 ΩC𝑈Ω % 𝑥 = ΩC 𝑥 + 𝜇 𝑓 𝑈 % 𝑥 Ω(𝑥)

No unique way! 
See tutorial notebook for one example: 2101.08176

https://arxiv.org/abs/2101.08176


Many gauge equivariant architectures developed already
• Gauge equivariant CNNs (parallel transport)

[Favoni, Ipp, Müller, Schuh 2012.12901]
[Abbott, Albergo, Boyda, Cranmer, DH, Kanwar, Racanière, 
Rezende, Romero-López, Shanahan, Tian, Urban 2207.08945]
[Lehner, Wettig 2302.05419]

• Gradient flows w/ learned potentials
[Bacchio, Kessel, Schaefer, Vaitl 2212.08469]

• Learned smearing
[Tomiya, Nagai 2103.11965] “Gauge covariant neural 
network for 4 dimensional non-abelian gauge theory”

• Spectral flows
U(1) [Kanwar, Albergo, Boyda, Cranmer, DH, Racanière, 
Rezende, Shanahan 2003.06413]
SU(N) [Boyda, Kanwar, Racanière, Rezende, Albergo, 
Cranmer, Hackett, Shanahan 2008.05456]
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Not competing options:
can be combined!

https://arxiv.org/abs/2207.08945
https://arxiv.org/abs/2207.08945
https://arxiv.org/abs/2302.05419
https://arxiv.org/abs/2212.08469
https://arxiv.org/abs/2103.11965
https://arxiv.org/pdf/2003.06413.pdf
https://arxiv.org/abs/2008.05456


Closing thoughts
Flows are a promising new approach to LQFT configuration generation

Provably exact physics with ML
Different properties from traditional sampling algorithms
Early results suggest qualitative advantage in some cases

On the way to QCD, but work remains
Model architectures and training schemes are not unique
Lots of ML engineering required, especially to scale up

Many other sampling approaches to explore
e.g. alternating flow and traditional updates → complementarity
e.g. accelerating traditional algos with ML

Only beginning to explore what is possible!
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